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ON THE EXISTENCE OF SYMPLECTIC RESOLUTIONS OF
SYMPLECTIC REDUCTIONS
TANJA BECKER
Abstrat. We ompute the sympleti redutions for the ation of Sp2n on
several opies of C
2n
and for all oregular representations of Sl2. If it exists
we give at least one sympleti resolution for eah example. In the ase Sl2
ating on sl2 ⊕C
2
we obtain an expliit desription of Fu's and Namikawa's
example of two non-equivalent sympleti resolutions onneted by a Mukai
op [FN04℄.
1. introdution
Let G be a semisimple omplex linear algebrai group, g its Lie algebra and V
a nite dimensional representation of G. The double V ⊕ V ∗ is equipped with a
sympleti form and G ats sympletially on this double. Let µ : V ⊕ V ∗ → g∗ be
the assoiated moment map. Dene the sympleti redution by
V ⊕ V ∗///G := µ−1(0)//G.
Conjeture 1.1 (Kaledin, Lehn, Sorger). If there exists a sympleti resolution of
V ⊕ V ∗///G, then the quotient V//G of the simple ation is smooth.
The analogue for nite groups is known and has been proved by Kaledin [Kal03℄
and Verbitsky [Ver00℄.
Representations with smooth quotient V//G are alled oregular. They have been
lassied by Shwarz in [Sh78℄ in aseG is onneted, simple and simply onneted.
This omplete lassiation suggests to examine the onverse of onjeture 1.1: Let
G, V be in Shwarz' list. Does there exist a sympleti resolution of V ⊕ V ∗///G?
Note that for G nite, the onverse of the onjeture is not true by Ginzburg
Kaledin [GK04℄. However, for G = Sl2 := Sl2(C) we obtain the following result:
Theorem 1.2. Let V be a oregular representation of Sl2. Then every irreduible
omponent of V ⊕ V ∗///Sl2 with redued struture is a sympleti variety in the
sense of BeauvilleNamikawa [Bea00℄ and admits a sympleti resolution.
More preisely, from Shwarz' list we see that there are eight oregular representa-
tions of Sl2 whih an be subdivided into four dierent types:
(1) C
2
, C
2 ⊕C2 and C2 ⊕C2 ⊕C2,
(2) S3C2 and S4C2,
(3) sl2 and sl2 ⊕ sl2,
(4) sl2 ⊕C
2
.
Remark. These representations an be found in [Sh78℄ as follows. Tables 1a and
2a list all oregular representations of Sln, but we only onsider n = 2. In table
1a, items 1 and 2 oinide and give type (1). Items 18 and 19 are also the same,
they ontain type (3). Items 12, 13 and 20 all enode representation (4). The other
items do not apply to the ase n = 2. In table 2a, items 1 and 2 ontain two further
representations of Sl2, these are the symmetri powers, type (2).
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In addition, we onsider item 1 of table 4a, namely a series of representations of
Sp2n on at most 2n+1 opies of C
2n
. Type (1) is a speial ase of this, so atually
we will analyse this more general ase instead.
We begin with the representation of Sp2n. To obtain a statement on sympletiity
of the quotient a large eort is spent on examining normality of the zero bre of
the moment map:
Theorem 1.3. For the ation of Sp2n on (C
2n)⊕2m the zero bre of the moment
map is redued if m ≥ 2n and even normal if m ≥ 2n+ 1.
From this we dedue that the sympleti redution atually is a sympleti variety
in the extreme ase m = 2n+ 1. By means of nilpotent orbits we then analyse in
whih ase the quotient is sympletially resolvable. As Sl2 and Sp2 oinide this
overs the rst type of representations of Sl2 (1).
Afterwards we shortly review type (2) and (3): Type (2) is lassial and has already
been treated by Hilbert. The resolutions we nd there are well-known. Type (3)
an be redued to analysing the ation of SO3 on C
3
, and will be treated similarly
to Sp2n

C
2n
.
The most interesting example is the ation on sl2 ⊕ C
2
. There the sympleti
redution has a speial onguration, whih yields dierent sympleti resolutions:
Theorem 1.4. The sympleti redution Z := sl2 ⊕C
2 ⊕ (sl2 ⊕C
2)∗///Sl2 admits
three non-isomorphi sympleti resolutions Z˜, Y˜1 and Y˜2 onneted by Mukai ops
on the omponents E1 resp. E2 of the zero bre of π : Z˜ → Z:
BlE1(Z˜)
Mukai op
||xx
xx
xx
xx
x
""E
EE
EE
EE
EE
BlE2(Z˜)
Mukai op
||yy
yy
yy
yy
y
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FF
FF
FF
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##G
GG
GG
GG
GG
G Z˜
{{xx
xx
xx
xx
xx
pi
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Z
While the resolutions Y˜1 and Y˜2 are equivalent in the sense of [FN04℄, Z˜ is non-
equivalent to them.
This gives an expliit desription of the two non-equivalent sympleti resolutions
onstruted by Fu and Namikawa in [FN04℄. Our onstrution by blowing up and
using the otangent bundle shows that both resolutions are algebrai.
Aknowledgements. I would like to thank Manfred Lehn for posing the original
problem and his exellent supervision of my work. The basi idea for the proof
of normality is due to him. Further, I thank Christoph Sorger for his ideas to
improve the presentation. I am very greatful to Baohua Fu for several disussions,
orretions and the help with the Mukai op.
While this paper was written I have been partially supported by DAAD and
SFB/TR 45, whih is greatly aknowledged.
2. Sympleti redutions
Before turning to the dierent examples we give a short introdution to sympleti
geometry and work out the aspets we need onerning sympleti resolutions. In
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order to do so we introdue the moment map, use it to dene a modied quotient,
and give a riterion when this redution atually is sympleti.
A normal algebrai variety X over C with sympleti struture σ ∈ Γ(Xreg,Ω
2
Xreg
)
on its regular part is alled a sympleti variety if for one (hene any) resolution
of singularities f : X˜ → X the setion σ extends to X˜. A resolution f is alled
sympleti if σ extends to a sympleti struture on X˜, i.e. is everywhere non-
degenerate.
Sympleti resolutions are semismall by Kaledin [Kal06℄ and Namikawa [Nam01℄.
The property of semismallness an also assure sympletiity of ertain resolutions:
Proposition 2.1. Let X be a variety with sympleti form on Xreg. If π : X˜ → X
is a semismall resolution suh that for some losed subset F of X of odimension
≥ 4 the restrition X˜ \ π−1(F ) → X \ F is a sympleti resolution, then π is a
sympleti resolution.
Proof. Sine X˜ is smooth, the indued sympleti form on π−1(Xreg) extends to
a form σ on X˜ beause the bundle Ω2Xreg extends, and σ is sympleti outside
π−1(U). If the extension was degenerate, its determinant would vanish along a
divisor. But as π is semismall, the odimension of π−1(U) in X˜ is at least 2, and
σ is not sympleti at most in odimension 2. So detσ annot vanish at all. 
Now let us turn to the sympleti double V ⊕V ∗ of a vetor spae V . Its sympleti
struture is given by σ((v, η), (w, ζ)) = η(w)− ζ(v) and G ats sympletially on it
via g(v, η) = (gv, η ◦ g−1).
If there is a non-degenerate bilinear form < ·, · > : V × V → C, this ation an
be omputed in the following way: as a vetor spae V an be identied with
its dual via the indued isomorphism V → V ∗, v 7→< ·, v >. Having v, w ∈ V ,
the dual ation g · w is dened via < v, g · w >=< ·, w >(g−1v) =< g−1v, w > by
taking the adjoint of g−1 in the last term. If < ·, · > is even Ginvariant, then
<g−1v, w>=<gg−1v, gw>=<v, gw>, therefore V = V ∗ as a representation.
We reall the moment map whih plays a entral role in our onsiderations. Let
(V, σ) be a sympleti vetor spae and G a semisimple group with Lie algebra g.
Equip g∗ with the oadjoint ation. If G ats sympletially on V , there exists a
unique Gequivariant map µ : V → g∗ whih satises dµx(ξ)(A) = σ(ξ, Ax) for all
x ∈ V, ξ ∈ TxV, A ∈ g. This map µ is alled the moment map.
On the sympleti double of a vetor spae the moment map turns out to be
µ : V ⊕ V ∗ −→ g∗, (v, η) 7−→ (f : A 7→ η(Av)).
Let us denote by Iµ the ideal orresponding to µ
−1(0), i.e. µ−1(0) = Spec(C[V ]/Iµ).
Remark. For every sympleti ation G × V → V with moment map µ the G
equivariane of µ ensures that µ−1(0) is a Ginvariant subset of V . This is why
there is also an ation of G on µ−1(0) and we an onsider its quotient:
Denition 2.2. Let V be a sympleti vetor spae with sympleti Gation and
orresponding moment map µ. The sympleti redution of V is dened to be
V///G := µ−1(0)//G = Spec(C[V ]/Iµ)G.
Caution. In spite of its misleading name, the sympleti redution need not be a
sympleti variety.
Proposition 2.3. Let G

V be a sympleti ation on an sympleti vetor spae
V , let µ : V → g∗ denote the moment map. Then for every x ∈ µ−1(0) with losed
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orbit Gx ⊂ µ−1(0) and trivial isotropy group, the image x ∈ µ−1(0)//G is a regular
point and Tx(µ
−1(0)//G) = Txµ−1(0)/gx = (gx)⊥/gx is a sympleti vetor spae.
Proof. Luna's slie theorem (f. [Lun73℄) implies regularity and the rst equality.
The dierential dµx : TxV → Tµ(x)g
∗
has maximal rank in all points x ∈ µ−1(0)reg
and we have Txµ
−1(0) = ker dµx = {ξ ∈ TxV | dµx(ξ)(A) = 0 ∀A ∈ TxV }.
Together with the property dµx(ξ)(A) = σ(ξ, Ax) of the moment map this implies
Txµ
−1(0) = {ξ ∈ TxV | σ(ξ, Ax) = 0 ∀A ∈ g} = (gx)⊥.
This shows the seond equality. By Ginvariane, if x is ontained in µ−1(0) so
is the whole orbit Gx. For this reason gx is ontained in Txµ
−1(0), and it is an
isotropi subspae of TxV beause gx ⊂ Txµ
−1(0) = (gx)⊥. This implies (gx)⊥/gx
is a sympleti vetor spae. In partiular there is a sympleti struture on the
set of points with losed orbit and trivial isotropy group. 
This implies the following riterion for the existene of a sympleti struture on
the sympleti redution:
Proposition 2.4. (µ−1(0)//G)reg possesses a sympleti struture if µ−1(0) is
normal, the isotropy group of every point in µ−1(0)reg is trivial and for the singular
parts µ−1(0)sing//G ⊂ (µ−1(0)//G)sing holds.
Proof. Sine µ−1(0)sing//G ⊂ (µ−1(0)//G)sing every x ∈ (µ−1(0)//G)reg has a
representative x with a losed orbit in µ−1(0)reg. 
3. The ation of Sp2n on (C
2n)⊕m
Throughout this setion we will onsider the sympleti group Sp2n with dening
matrix J =
(
0 In
−In 0
)
, and its quadrati analogue Q =
(
0 Im
Im 0
)
.
We examine the sympleti double of the ation
̺nm : Sp2n × (C
2n)⊕m → (C2n)⊕m, (g, x(1), . . . , x(m)) 7→ (gx(1), . . . , gx(m)).
To ompute its sympleti double remark that the non-degenerate bilinear form
C
2n × C2n → C, (x, y) 7→ ytJx is Sp2ninvariant beause J is. Thus we see the
representation is self-dual so that the sympleti double of ̺nm is ̺
n
2m.
Writing x(i) =
(
x1i . . . x2n,i
)t
and arranging these vetors as matries X ′ :=
(x(1) | . . . | x(m)), X ′′ := (x(m+1) | . . . | x(2m)) and X = (X ′, X ′′) we an write this
ation as multipliation from the left gX ′ resp. gX .
In order to determine the sympleti redution we have to know the moment map
on whih we fous now:
Proposition 3.1. The moment map of the ation Sp2n

(C2n)⊕2m is
µ : (C2n)⊕2m → sp2n, X 7→
1
2
XQXtJ.
Proof. Written as matries, the Sp2nequivariant pairing identifying (C
2n)⊕m with
its dual is (C2n)⊕m× (C2n)⊕m → C, (Y, Z) 7→ tr(ZtJY ), so µ : (C2n)⊕2m → sp∗2n,
µ(X ′, X ′′)(A) = tr((X ′′)tJAX ′). Using the fat tr((X ′′)tJAX ′) = tr(AX ′(X ′′)tJ)
= tr(AX ′′(X ′)tJ) we obtain µ(X ′, X ′′)(A) = 12 tr(A(X
′(X ′′)t + X ′′(X ′)t)J). As
the argument of the trae is an element of sp2n, identifying sp
∗
2n and sp2n via
sp∗2n −→ sp2n, (B 7→ tr(AB)) 7−→
1
2 (A+JA
tJ) leads to the modied moment map
µ : (C2n)⊕2m → sp2n, (X
′, X ′′) 7→
1
2
(X ′(X ′′)t +X ′′(X ′)t)J.
At last XQXt = (X ′, X ′′)
(
0 Im
Im 0
)(
(X ′)t
(X ′′)t
)
= X ′(X ′′)t +X ′′(X ′)t. 
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Example 3.2. As we want to onsider the representationsC
m
of Sl2 from Shwarz'
table, we have to set n = 1 and m = 1, 2, 3. We are only interested in the ideal
dened by the moment map rather than in the map itself, so we onsider the slightly
modied map µ˜ : (C2)⊕2m → sl2, X 7→ XQXt. This only hanges the arrangement
of the equations and avoids a umbersome salar fator.
If m = 1, we have XQXt=
(
2x11x12 x11x22+x12x21
x11x22+x12x21 2x21x22
)
. Thus the momentum ideal
is determined to be Iµ = (x11x12, x11x22 + x12x21, x21x22).
Calulating the momentum ideal in the same way for m = 2 we obtain
Iµ = (x11x13+x12x14, x11x23+x12x24 + x13x21+x14x22, x21x23+x22x24).
If m = 3, the alulation yields that Iµ is generated by x11x14 + x12x15 + x13x16,
x11x24 + x12x25 + x13x26 + x14x21 + x15x22 + x16x23 and x21x24 + x22x25 + x23x26.
Before omputing the quotient we examine if µ−1(0) is normal aording to proposi-
tion 2.4. We will prove that µ−1(0) is a redued resp. normal omplete intersetion
if m ≥ 2n resp. m ≥ 2n+ 1; this is theorem 1.3. In the other ases the statement
is not neessarily true: taking a look at example 3.2 where m = 1, we see detX =
x11x22− x12x21 6∈ Iµ, but (detX)
2 = (x11x22 + x12x21)
2 − 4(x11x12)(x21x22) ∈ Iµ.
Thus Iµ is not a radial ideal and µ
−1(0) is not redued, so it annot be normal.
Similarly µ−1(0) is not normal if n = 1, m = 2. This time, µ−1(0) is a redued
omplete intersetion aording to theorem 1.3, but Jaobi's riterion shows that
it is not regular in odimension 1, so Serre's normality riterion fails.
To prove theorem 1.3 we write U for the sympleti vetor spae C2n and W for
the eulidean vetor spae C
2m
, the eulidean struture being dened by Q. Then
the moment map is
µ : U ⊗W → sp2n
∼=
−→ Sym2n(C), X 7→ XQX
tJ 7→ XQXt.
The zero bre µ−1(0) is a omplete intersetion if and only if it is of maximal
odimension, i.e. of dimension
dimµ−1(0) = dimU ⊗W − dim sp2n = 2n · 2m−
(
2n+ 1
2
)
= 4mn− 2n2 − n.
In addition µ−1(0) is redued if the odimension of its singular lous is at least 1,
and normal if it is at least 2. Kaledin, Lehn and Sorger give a riterion on the
isotropy group to hek this:
Lemma 3.3 ([KLS06℄). Let µ : V → g∗ be the moment map of an ation G

V
and N := {x ∈ µ−1(0) | Gx not nite}. Let ℓ := dimV − dim g be the expeted
dimension of the zero bre.
(1) If dimN ≤ ℓ− 1, then µ−1(0) is a redued omplete intersetion of dimen-
sion ℓ,
(2) if dimN ≤ ℓ− 2, then µ−1(0) is normal.
In the general ase U = Cd, W = Ck of arbitrary d and k and the above moment
map we prove the following proposition. Together with the lemma this will give
the desired result if we set d = 2n, k = 2m.
Proposition 3.4. For every k ≥ 2d we have
(1) dimµ−1(0) = kd−
(
d+1
2
)
= kd− d
2
2 −
d
2 ,
(2) dimN ≤ kd−
(
d+1
2
)
−1. If k ≥ 2d+1 we even have dimN ≤ kd−
(
d+1
2
)
−2.
Remark. In our ase the denition ofQ requires k to be even, but the proof works for
arbitrary k if Q is replaed by any orthogonal struture. Similarly, as the moment
map and the set N are dened via the ation Sp(U)

U ⊗W , a priori both only
exist for even d. But the map µ : U ⊗W → Symd(C), X 7→ XQX
t
is also dened
6 TANJA BECKER
for odd d. Using U ∼= U∗ we an write U ⊗W ∼= Hom(U,W ). Let < u1, . . . , ud >
be a basis of U and < w1, . . . , wk > an orthonormal basis of W so that an element
X ∈ U ⊗W is mapped to some ϕ : U → W with orresponding matrix Xt under
this identiation. Then
X ∈ µ−1(0)⇐⇒ XQXt = 0⇐⇒ xiQxtj = 0 for all rows xi, xj of X
⇐⇒ ϕ(ui) ⊥ ϕ(uj) = 0 for all basis vetors ui, uj of U
w.r.t. the eulidean struture on W
⇐⇒ ϕ(U) ⊂W is an isotropi subspae of W.
This gives µ−1(0) = {ϕ ∈ Hom(U,W ) | ϕ(U) ⊂W isotropi}.
The set N = {X ∈ µ−1(0) | |Sp(U)X | = ∞} of elements with innite isotropy
group is ontained in the set M := {X ∈ µ−1(0) | Sp(U)X 6= 1} of elements with
non-trivial isotropy group, so it sues to restrit the dimension of M .
Let g ∈ Sp(U). As Sp(U) ats trivially onW we have Hom(U,W )g = Hom(Ug,W ).
Thus ϕ is invariant under g if and only if ϕ remains xed under omposition with
the map g : U → U . This leads to the following riterion for the isotropy group of
ϕ to be non-trivial:
Sp(U)ϕ 6= 1⇐⇒ ∃ 1 6= g ∈ Sp(U) : ϕ ◦ g = ϕ
⇐⇒ ∃ 1 6= g ∈ Sp(U) : ∀ u ∈ U : ϕ(g(u)) = ϕ(u).
Let g be xed with this property and hoose u ∈ U suh that g(u) 6= u. Then we
have ϕ(u−g(u)) = ϕ(u)−ϕ(g(u)) = 0, i.e. 0 6= u−g(u) =: u0 ∈ kerϕ. In partiular
the kernel ontains a line Cu0 and ϕ fatorises via U/Cu0. This meansN ⊂M ⊂ L
where L := {ϕ ∈ µ−1(0) | kerϕ 6= 0} = {ϕ ∈ µ−1(0) | ∃ u0 : ϕ : U/Cu0 →W}, and
it sues to restrit the dimension of L, whih is independent of the struture of
the sympleti group. Therefore L also exists for odd d.
Proof. Let d = 1. Then by assumption k ≥ 2. We have to show dimµ−1(0) = k−1,
dimL ≤ k − 2 for every k and dimL ≤ k − 3 if k ≥ 3, shortly dimL = 0.
Let U =< u > and < w1, . . . , wk > an orthonormal basis of W . Let ϕ be dened
by u 7→
∑k
i=1 aiwi. Then ϕ(U) is isotropi if and only if
∑k
i=1 a
2
i = 0. Thus we
an hoose k − 1 oeients independently, the last one is xed up to sign. In
partiular dimµ−1(0) = k − 1. If the kernel of ϕ is non-trivial we have kerϕ = U
and ϕ : {0} →W . Thus L has dimension 0.
Now onsider a ddimensional spae U together with its isotropi images ϕ(U) of
dimension d. Every ϕ ∈ µ−1(0) maps to suh a subspae; if the image is not of
dimension d, omplete it to a ddimensional isotropi spae. Thus ϕ(U) varies in
the Grassmannian of ddimensional isotropi subspaes in the eulidean spae W
of dimension k. The set of suh subspaes has dimension dim(Grassiso(d,W )) =
d(k − 32d −
1
2 ). There are d
2
maps ϕ ∈ Hom(U,W ) to every isotropi subspae of
dimension d. Thus the zero bre of the moment map is at most of dimension
dimµ−1(0) ≤ d(k −
3
2
d−
1
2
) + d2 = dk −
(
d+ 1
2
)
.
On the other hand, as every equation redues the dimension at most by one aord-
ing to Krull's theorem and sine being isotropi is desribed by
(
d+1
2
)
equations for
a ddimensional eulidean spae, we obtain equality.
Now if ϕ ∈ L fatorises via U/Cu0 for some u0 ∈ kerϕ, then if ϕ(U) is isotropi so is
ϕ(U/Cu0). Thus ϕ is ontained in µ
−1
0 (0) where µ0 : (U/Cu0)⊗W → Symd−1(C),
X 7→ XQX
t
denotes the moment map in smaller dimension. Using the indution
hypothesis we know dim(µ−10 (0)) = (d− 1)k −
(
d
2
)
. There are dimP(U) = d − 1
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dierent subspaes Cu0 of U . This yields
dimL ≤ (d− 1)k −
(
d
2
)
+ (d− 1) = dk −
(
d+ 1
2
)
− (k − 2d+ 1)
≤
{
dk −
(
d+1
2
)
− 1 if k ≥ 2d,
dk −
(
d+1
2
)
− 2 if k ≥ 2d+ 1.

Setting d = 2n, k = 2m we dedue normality in the asem ≥ 2n+1. This ompletes
the proof of theorem 1.3.
Looking at Shwarz' list we see that we have to redue ourselves to the ase m ≤
2n + 1. Let us rst ompute (C2n)⊕2m//Sp2n by desribing the invariants and
relations. Then we turn to the sympleti redution µ−1(0)//Sp2n. By the preeding
theorem we an only guarantee sympletiity in the ase m = 2n+ 1.
Aording to the rst fundamental theorem for Sp2n (f. [Wey46℄) all invariants of
our ation are
zij := (x
(i))tJx(j), i < j, i, j ∈ {1, . . . , s},
where s = m for the simple ation and s = 2m for the dupliated one. As matri-
es the invariants an be arranged as (X ′)tJX ′ resp. XtJX , where you nd the
zij above the diagonal and their negatives below, the diagonal is zero. We will
often use the permutation XtJXQ. By the seond fundamental theorem the
(
s
2
)
invariants do not have any relations for s ≤ 2n+ 1, these are exatly the ases in
Shwarz' table. For larger s there are the relations Jk = 0, k = 1, . . . , n+ 1, where
Jk =
∑
pi∈S2n+1 sgnπ zpi(i0)j0 · · · zpi(i2k−2)j2k−2zpi(i2k−1)pi(i2k) · · · zpi(i2n−1)pi(i2n) for ik
and jl ∈ {1, . . . , 2m} pairwise disjoint.
In our example n = 1, the invariants speialise to zij = x1ix2j − x1jx2i, i < j.
These are exatly the 2 × 2minors of X . So ̺11 does not have any invariant,
̺12 has exatly one, namely the determinant of X , and there are three invariants
for ̺13. Of ourse, these invariants of oregular representations do not fulll any
relation. Unlike this, the six invariants of ̺14 are onneted by one Plüker relation
J1 = z12z34 − z13z24 + z14z23, and the fteen invariants of ̺
1
6 satisfy fteen of suh
Plüker relations, namely zijzkl− zikzjl+ zilzjk, 1 ≤ i < j < k < l ≤ 6. In this last
ase there is one further relation
J2 = z14z25z36 + z24z35z16 + z34z15z26 − z14z35z26 − z24z15z36 − z34z25z16.
Now let us ompute µ−1(0)//Sp2n for arbritrary m and n:
Proposition 3.5. As a set the quotient of the ation Sp2n

(C2n)⊕2m is
µ−1(0)//Sp2n ∼= Z := {A ∈ so2m | A2 = 0, rkA ≤ min{2n,m}}.
Proof. By proposition 3.1 the preimage of zero under the moment map is
µ−1(0) = {X ∈ (C2n)⊕2m | XQXtJ = 0}.
Dene the map ν : µ−1(0)→ so2m, X 7→ XtJXQ. At rst we show that the image
of ν is ontained in Z. For this hoose an arbitrary X ∈ µ−1(0):
• −Q(XtJXQ)tQ = −QQ−1Xt(−J)XQ = XtJXQ, i.e. XtJXQ ∈ so2m,
• (XtJXQ)2 = XtJ(XQXtJ)XQ = 0,
• rk(XtJXQ) < m holds beause (XtJXQ)2 = 0. The other bound arises
from rk(XtJXQ) ≤ min{rkX, rkJ, rkQ} ≤ min{2n, 2m} ≤ 2n.
To see that ν fatorises via µ−1(0)//Sp2n we have to show that ν is onstant on
eah orbit. Indeed for every g ∈ Sp2n: ν(gX) = (gX)
tJgXQ = XtJXQ = ν(X).
For the injetivity of the indued map ν on the quotient we look at the following
diagram desribing the orrespondene between algebras and varieties. One obtains
the seond diagram from the rst one by taking the spetrum of eah ring and by
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reversing all the arrows. Furthermore we utilise im ν ⊂ Z. We write V := (C2n)⊕2m
for short.
C[V ]
?? OO
?
// //
C[V ]/IµOO
?
C[V ]Sp2n
OOOO
ϕ
// // (C[V ]/Iµ)Sp2n
C[zij ]
β
77 77ooooooooooo
V
ψ


oo ? _µ−1(0)

ν
{{
V//Sp2n
_
ψ

oo ? _µ−1(0)//Sp2n
_
ν

C
(2m2 ) = so2m
oo ? _Z
As map of invariants ϕ : C[zij ] → C[V ]
Sp2n , zij 7→ (x
(i))tJx(j), is surjetive, for
whih reason the orresponding map of varieties ψ : V//Sp2n → so2m is injetive.
Here ψ is indued by ψ : V → so2m, X 7→ X
tJXQ, and we have ψ|µ−1(0) = ν. As
ψ is injetive so is ν = ψ|µ−1(0)//Sp2n : µ
−1(0)//Sp2n → Z.
For showing surjetivity hoose A ∈ so2m satisfying A
2 = 0 and rkA ≤ min{2n,m}.
We will onstrut an X ∈ µ−1(0) suh that A = XtJXQ.
As AQ is skew-symmetri there exists S ∈ Gl2m suh that AQ obtains the shape
(S−1)tAQS−1 =
(
A˜ 0
0 0
)
, i.e. A = St
(
A˜ 0
0 0
)
SQ,
where A˜ is regular of size ℓ := rkA and skew-symmetri. But the size of a non-
degenerate skew-symmetri matrix is even, so ℓ = 2k, and further there exists an
R ∈ Gl2k suh that A˜ = R
tJ2kR. Inserting this in the above expressions and writing
R˜ := (R, 0) ∈Mat2k×2m and T := R˜S, we obtain
AQ = St
(
RtJ2kR 0
0 0
)
S = StR˜tJ2kR˜S = T
tJ2kT.
If k = n, then X := T is the desired preimage of A. Otherwise k < n and we dene
U ∈ Mat2n×2k via U := 1√2
((
Ik
0
) (−Ik
0
)(
Ik
0
) (
Ik
0
) )
. One easily omputes U tJ2nU = J2k.
Setting X := UT nally yields AQ = T tJ2kT = T
tU tJ2nUT = X
tJ2nX .
It remains to prove X ∈ µ−1(0). As A2 = 0 we have XtJXQXtJXQ = 0. By
onstrution X = (R, 0)S resp. X = U(R, 0)S is regular on rows, thus so is XQ,
and XtJ is regular on olumns. This shows that if XQXtJ was dierent from zero
then XQXtJ ·XQ and XtJ ·XQXtJXQ would also be, a ontradition. Therefore
XQXtJ = 0 must hold and X is ontained in µ−1(0). 
Until now we know the quotient only as a set. Our next aim is to desribe its
geometri struture.
If µ−1(0) is redued, the orresponding ideal is its own radial, but the dening
equations for Z do not yield a radial ideal in general. So for µ−1(0)//Sp2n and Z
to be equal as varieties we have to equip Z with its redued struture, whih will be
assumed in the following. In the examples n = 1, m = 2 or 3 the redued struture
is attained by adding some equations involving the Pfaan as we will see later.
On (C2n)⊕2m = C2n⊗C2m there is not only the Sp2nation from the left, but also
an SO2mation, namely multipliation from the right. This ation leaves µ
−1(0)
invariant, for (Xg)Q(Xg)tJ = X(gQgt)XtJ = XQXtJ if g ∈ SO2m. Thus SO2m
also ats on µ−1(0), and on the quotient µ−1(0)//Sp2n beause the Sp2nation is
independent of the SO2mation. With one element its whole orbit is ontained
in µ−1(0)//Sp2n by SOinvariane. Therefore Z is the union of ertain nilpotent
orbits of so2m, i.e. of orbits of nilpotent elements under the adjoint representation.
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Let d1 ≥ . . . ≥ dk be a partition of 2m. All but one partitions whose even parts
our with even multipliity orrespond to exatly one nilpotent orbit O[d1,...,dk] of
so2m. Only the very even partitions, whih have only even parts di with even multi-
pliity, orrespond to two nilpotent orbits OI[d1,...,dk] and O
II
[d1,...,dk]
(f. [CMG93℄).
The Jordan form of a representative of this orbit has bloks of size d1, . . . , dk.
Proposition 3.6. The variety Z onsists of the following nilpotent orbits:
Z =

m−1
2⋃
k=0
O[22k,12(m−2k)] = O[2m−1,12], if m is odd,
m
2 −1⋃
k=0
O[22k,12(m−2k)] ∪O
I
[2m] ∪ O
II
[2m] = O
I
[2m] ∪ O
II
[2m], if m is even.
Proof. Obviously the union of the indiated orbits is the losure of the orbits with
highest rank in both ases.
"⊆": Beause of A2 = 0 eah element A ∈ Z an have Jordan bloks of size at most
2. The rank ondition on Z implies that the Jordan form of an element in Z has
at most m bloks of size 2 if m ≤ 2n and at most 2n suh bloks if m = 2n + 1,
sine every 2× 2blok raises the rank exatly by 1. The indiated unions ontain
all Jordan forms of these types, therefore they ontain Z.
"⊇": Conversely let X be a matrix in one of the indiated orbits. Then X2 = 0
beause the Jordan form of X onsists of bloks of size at most 2. The maximal
number of suh bloks implies rkX ≤ min{2n,m} in both ases. Thus X ∈ Z.
The losure of a nilpotent orbit is always redued. So the orbit losures and Z
also agree as varieties, both desribe (C2n)⊕2m///Sp2n if and only if µ−1(0) is
redued. 
To analyse normality of nilpotent orbits we work with [KP82℄. From the riterion
for normality stated there together with table 3.4, setion 2.3 and the theorem in
setion 17.3 of lo. it. we dedue:
Proposition 3.7. Z is normal if and only if m is odd. If m is even, Z deomposes
into two normal omponents. The same holds for (C2n)⊕2m///Sp2n if µ−1(0) is
redued.
Fu gives a riterion for nilpotent orbit losures to be sympletially resolvable:
Proposition 3.8 (Fu, [Fu03℄). Let O be a nilpotent orbit of so2m assoiated to the
partition d = [d1, . . . , dN ]. Its losure O has a sympleti resolution if and only if
there is an even q 6= 2 suh that d1, . . . , dq are odd and dq+1, . . . , dN are even, or if
there are exatly two odd parts at the positions 2k − 1 and 2k for some k ∈ N.
If m is even, both orbit losures O
I
[2m] and O
II
[2m] admit a sympleti resolution:
set q = 0 in the proposition. The union of these onstitutes a sympleti resolu-
tion for Z. For orbits assoiated to the partitions [2m−1, 12] the rst ondition of
the proposition never holds. The seond ondition is fullled beause there our
exatly two ones at the positions 2m−1 and 2m. So Z also admits a sympleti
resolution for odd m. In partiular, (C2n)4n+2///Sp2n has a sympleti resolution.
Remark. As µ−1(0) and hene µ−1(0)//Sp2n is normal, the existene of a sympleti
resolution implies that (C2n)4n+2///Sp2n is a sympleti variety indeed.
Now we take a look at the quotients µ−1(0)//Sl2. First we onsider the double of
the ase m = 1. Up to multiples z2 = 0 is the only relation of the single invariant
z := detX , so the quotient is the nonredued variety
C
2 ⊕C2///Sl2 = Spec
(
C[z]/(z2)
)
.
This is not a sympleti variety.
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For the double of ̺12, the six invariants satisfy eleven relations modulo Iµ. Identi-
fying the invariants with the entries of a matrix A ∈ so4 yields an isomorphism of
varieties
(C2 ⊕C2)⊕2///Sl2 ∼= {A ∈ so4 | A2 = 0, Pf(QA) = 0},
where the Pfaan guarantees reduedness on the right. The quotient is not normal,
but the union of two normal omponents by proposition 3.7. On the ontrary,
aording to the general ase, the preimage of the moment map is normal if m = 3.
The quotient is the six dimensional sympleti variety and nilpotent orbit losure
(C2)⊕6///Sl2 ∼= {A ∈ so6 | A2 = 0, rkA ≤ 2, Pf4(QA) = 0} = O[22,12],
where Pf4(QA) denotes the Pfaans of the 15 skew-symmetri 4×4minors of QA,
whih again assure reduedness.
It is a well-known fat that the singular lous of the nilpotent orbit O[22,12] is the
nilpotent orbit O[16], whih is nothing else but the origin. Aording to [Fu03℄
the nilpotent orbit losure O[22,12] has a sympleti resolution. The isomorphism
of Lie algebras so6 ∼= sl4 identies {A ∈ so6 | A
2 = 0, rkA ≤ 2, Pf4(QA) = 0}
with Y := {B ∈ sl4 | rkB ≤ 1}. This variety, and hene (C
2)⊕6///Sl2, has two
well-known sympleti resolutions by the otangent bundle and its dual:
{(A,L) ∈ Y ×P3 | imA ⊂ L} → Y,
{(A,H) ∈ Y × (P3)∗ | H ⊂ kerA} → Y.
Remark. Note that the singular lous is of odimension 6. Sine there is a sympleti
resolution, the singularity annot be loally Q-fatorial by [Nam06℄.
4. The ation of Sl2 on symmetri powers and on its Lie algebra
Next we present the lassial ases of the ation of Sl2 on the symmetri powers
S3C2 and S4C2 whose invariants and relations have already been determined by
Hilbert in [Hil90, Hil93℄. The sympleti redution of both ations is isomorphi
to a quotient of a nite group ation. This was expeted sine both are so-alled
polar representations, see [CLe07℄.
Afterwards we overview the ation of Sl2 on one and two opies of its Lie algebra.
We use the known invariants to ompute the sympleti redution.
This setion shows that the quotients of both types (2) and (3) of representations
of Sl2 are sympleti varieties and admit a sympleti resolution.
4.1. The ation of Sl2 on symmetri powers.
We onsider elements of S3C2 as binary ubis A := a0x
3+3a1x
2y+3a2xy
2+a3y
3
and elements of S4C2 as polynomials A := a0x
4+4a1x
3y+6a2x
2y2+4a3xy
3+a4y
4
.
The ations of Sl2 on S
3
C
2
and S4C2 are indued by the ation of Sl2 onC
2
, where
the ation is multipliation from the left, via g · (xiyj) = (gx)i(gy)j .
Both symmetri powers have a non-degenerate Sl2invariant pairing, given by
σ : S3C2 × S3C2 → C, (A,B) 7→ a0b3 − a3b0 − 3(a1b2 − a2b1),
σ′ : S4C2 × S4C2 → C, (A,B) 7→ a0b4 + b0a4 − 4a1b3 − 4b1a3 + 6a2b2.
So both ations in onsideration are self-dual.
There is only one invariant for the simple ation of Sl2 on S
3
C
2
, namely the
disriminant d = −4a0a
3
2− 4a
3
1a3− a
2
0a
2
3+3a
2
1a
2
2+6a0a1a2a3. On the double there
are seven invariants: An invariant of degree 2 is F := σ(A,B), ve invariants of
degree 4 are obtained by polarising the disrimanant and an invariant of degree 6
is the resultant. These invariants fulll two relations of degree 8 and 10.
The moment map for this ation is µ : S3C2 ⊕ S3C2 −→ sl∗2, where µ(A,B)(ξ) =
3
(
(a0ξ11 + a1ξ12)b3 − (a0ξ21 + 3a1ξ11 + 2a2ξ12)b2 + (2a1ξ21 − a2ξ11 + a3ξ12)b1 −
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(a2ξ21 − a3ξ11)b0
)
. Generators of the orresponding momentum ideal Iµ are given
by a1b3 + a3b1 − 2a2b2, a0b3 + a3b0 − a1b2 − a2b1 and 2a1b1 − a0b2 − a2b0.
Modulo Iµ there remain three invariants F = σ(A,B), d0 = disc(A), d4 = disc(B)
with one relation 16d0d4−F
4
. Up to saling this is the equation of an A3singularity
in {0}. Therefore S3C2 ⊕ S3C2///Sl2 ∼= C
2/(Z/4) is a sympleti variety and
sympletially resolvable by two suessive blow ups in the origin.
The simple ation of Sl2 on S
4
C
2
has two invariants, whih are the quadrati
form Q = a0a4 − 4a1a3 + 3a
2
2 and the Cataletian C = det
(
a0 a1 a2
a1 a2 a3
a2 a3 a4
)
. Polaris-
ing these yields three quadrati invariants Q0, Q1, Q2 and four ubi invariants
C0, C1, C2, C3, whih are algebraially independent. An additional invariant is
T := det
(
a0 3a1 3a2 a3
a1 3a2 3a3 a4
b0 3b1 3b2 b3
b1 3b2 3b3 b4
)
. These eight invariants generate the ring of invariants.
There is one relation in degree 12.
Here the moment map is µ : S4C2⊕S4C2 → sl∗2, µ(A,B)(ξ) = 4
(
(ξ12a1+a0ξ11)b4−
(ξ21a0 + 2a1ξ11 + 3ξ12a2)b3 + 3(ξ12a3 − ξ21a1)b2 − (3ξ21a2 + ξ12a4 − 2a3ξ11)b1 +
(ξ21a3−a4ξ11)b0
)
, with momentum ideal Iµ generated by b4a1−3b3a2−b1a4+3b2a3,
a0b4−b0a4−2a1b3+2b1a3 and b0a3−b3a0−3b1a2+3b2a1.
The ring of oordinates of the quotient µ−1(0)//Sl2 is generated by Q0, Q1, Q2,
C0, C1, C2, C3. Comparing these invariants and their relations with the invariants
and relations of the ation of the symmetri group S3 on the double of (C
3)0 =
{(y1 y2 y3)
t ∈ C3 | y1+y2+y3 = 0} ∼= C
2
via permutation of indies, we obtain the
same quotient. Thus it is a sympleti variety as a subset of S3C2 = (C2)⊕3/S3.
The singular lous of (C3)0 ⊕ (C
3)0/S3 an be resolved by a Hilbert sheme: The
baryentral map s : (C2)⊕3 → C2,
((
x1
y1
)
,
(
x2
y2
)
,
(
x3
y3
))
7→ 13
(
x1+x2+x3
y1+y2+y3
)
is S3invariant
and therefore fatorises via (C2)⊕3/S3. The preimage of 0 under the indued map
s is exatly our quotient (C3)0 ⊕ (C
3)0/S3. Composing s with the HilbertChow
morphism ρ : Hilb3(C2) → S3C2, whih is a resolution of S3C2 due to Fogarty
[Fog68℄, and even a sympleti one, f. [Bea83℄, we obtain
Hilb3(C2)
ρ
−−−−→ S3C2
s
−−−−→ C2
⊂ ⊂ ∈
ρ−1((C3)0 ⊕ (C3)0/S3) −−−−→ (C3)0 ⊕ (C3)0/S3 −−−−→ 0.
So the restrition of the HilbertChowmorphism to ρ−1((C3)0 ⊕ (C3)0/S3) is a
sympleti resolution for (C3)0 ⊕ (C
3)0/S3 = S
4
C
2 ⊕ S4C2///Sl2.
4.2. The ation of Sl2 on its Lie algebra.
The ation of Sl2 on sl2 is just the adjoint representation Ad(g)(A) = gAg
−1
. The
map Ad maps Sl2 to Gl(sl2), even to the orthogonal group SO3. This is the well-
known 2 : 1overing. Identifying sl2 with C
3
, the ations Sl2

sl2 and SO3

C
3
oinide via this overing, so they have the same rings of invariants, even at several
opies: C[(C3)⊕k]SO3 = C[sl⊕k2 ]
Sl2
. So instead of analysing Sl2

sl2, we onsider
the ation of SO3 onC
3
, where we dispose of the fundamental theorems, to ompute
the sympleti redutions sl
⊕2
2 ///Sl2 and sl
⊕4
2 ///Sl2.
The ation we have to onsider now is
ϑn : SO3 × (C
3)⊕n → (C3)⊕n, (g, x(1), . . . , x(n)) 7→ (gx(1), . . . , gx(n))
in the ases n = 1, n = 2, resp. n = 2, n = 4 for the doubles beause the ation
is self-dual sine (x, y) 7→ ytQx gives an invariant non-degenerate pairing on C3.
Writing X ′ = (x(1) | . . . | x(n)), X ′′ = (x(n+1) | . . . | x(2n)) and X = (X ′, X ′′), the
pairing identifying (C3)⊕n with its dual takes the shape (C3)⊕n × (C3)⊕n → C,
(X ′, X ′′) 7→ tr((X ′′)tQX ′).
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Aording to the rst fundamental theorem for SO3 all invariants are
tij := (x
(i))tQx(j), i ≤ j, i, j ∈ {1, . . . , n},
det(x(i1) | x(i2) | x(i3)), i1 < i2 < i3, i1, i2, i3 ∈ {1, . . . , n}.
In the ases n = 1, n = 2 there are less than three vetors, so the seond type of
invariants does not appear. The only invariant of ϑ1 is x
tQx, ϑ2 has three invariants
xtQx, xtQy and ytQy if we set x := x(1), y := x(2). Both ations do not have any
relations by the seond fundamental theorem, hene they are in Shwarz' list (table
3a, item 1 and 4).
For n = 4 there are ten invariants of the rst type and four invariants of the seond
type. For a learly arranged desription of the relations we refer to [LS06℄.
With analogous alulations to the ones of proposition 3.1 we obtain the moment
map µ : (Cm)⊕2n → som, (X ′, X ′′) 7→ 12 (X
′(X ′′)t −X ′′(X ′)t)Q = − 12XJX
tQ. In
the speial ase of ϑ1 doubled the entries of µ(x, y) provide the momentum ideal
Iµ = (x1y2 − x2y1, x1y3 − x3y1, x2y3 − x3y2). Writing X
′ = (x | y), X ′′ = (z | u)
in ase of the double of ϑ2, the ideal Iµ is generated by x1z2 + y1u2 − x2z1 − y2u1,
x1z3 + y1u3 − x3z1 − y3u1 and x2z3 + y2u3 − x3z2 − y3u2.
Now we redue the invariants and relations modulo the momentum ideal. The
invariants t11 = x
tQx, t12 = x
tQy, t22 = y
tQy of the double of ϑ1 satisfy a single
relation modulo Iµ, namely t
2
12 − t11t22 = 0. Thus µ
−1(0)//SO3, and with it
sl⊕22 ///Sl2, has only an isolated A1singularity. This shows that the quotient has a
sympleti struture. The A1singularity admits a sympleti resolution by blowing
up the origin.
For the seond example it turns out that the determinantal invariants T1, . . . , T4 are
dispensable modulo Iµ, the other ten invariants fulll six relations. The quotient
µ−1(0)//SO3 = (sl2)⊕4///Sl2 is isomorphi to the nilpotent orbit losure O[22] =
{A ∈ sp4 | A
2 = 0} and hene is a sympleti variety. Its singular part is O[2,12] =
{A ∈ sp4 | A
2 = 0, rkA ≤ 1}. In [LS06℄, Lehn and Sorger show that the otangent
bundle {(B,U) ⊂ O[22] ×G | U ⊂ kerB} → O[22] is a sympleti resolution.
5. The ation of Sl2 on sl2 ⊕C
2
The sympleti redution of the last representation of Sl2 we onsider has a more
exiting geometry than the preeding quotients, whih were all more or less las-
sial. Here the singular lous admits a sympleti resolution by a blow up whose
zero bre provides the onguration for performing a Mukai op. This gives two
further sympleti resolutions whih are also algebrai as their expliit onstru-
tion by blowing up a ertain subvariety will show. Therefore even resolutions whih
arise from the anonial proess of blowing up are not always the only projetive
sympleti resolutions.
The ation on the sum of the speial linear Lie algebra and the omplex spae also
appears in Shwarz' list for general n:
Sln × (sln ⊕C
n)→ sln ⊕C
n, g · (A, x) = (gAg−1, gx).
To ompute the sympleti double, we onsider both summands seperately. On
sln, like on any semisimple Lie algebra, there is a non-degenerate bilinear form
(A,B) 7→ tr(AB), whih is invariant beause tr(gAg−1gBg−1) = tr(AB). So sln is
a self-dual representation via the isomorphism sln −→ sl
∗
n, A 7−→ (B 7→ tr(AB)).
On C
n
we onsider the elements as olumns whereas (Cn)∗ ontains rows. Then
evaluating a linear form y at a vetor x orresponds to usual matrix multipliation
yx. The omputation y(g−1x) = yg−1x = (yg−1)(x) shows that the dual ation
is Sln × (C
n)∗ → (Cn)∗, (g, y) 7→ yg−1. Identifying (Cn)∗ with Cn by taking
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the transpose, the dual ation writes Sln × C
n → Cn, (g, z) 7→ (g−1)tz. The
orresponding invariant pairing is C
n ×Cn → C, (x, z) 7→ ztx.
Altogether we have omputed the double
Sln

sln ⊕C
n ⊕Cn ⊕ sln, g · (A, x, y, B) = (gAg
−1, gx, (gt)−1y, gBg−1).
First we determine the invariants of the simple ation, then we ombine them to
invariants of the sympleti double. Taking into onsideration the deomposition of
the representation into a diret sum we distinguish three types of invariants: pure
invariants of C
n
and sln respetively, and mixed invariants. Considering C
n
, the
rst fundamental theorem for Sln tells us that there are no invariants. Aording
to the rst fundamental theorem for matries, generating invariants of onjugation
of Sln on its Lie algebra are exatly the oeients of the harateristi polynomial
or equivalently the traes trAk, k = 1, . . . , n. Of ourse trA = 0, so k = 1 is
superuous. A mixed invariant is det(x | Ax | . . . | An−1x), sine det(g) = 1
and det(gx | gAg−1gx | . . . | (gAg−1)n−1gx) = det(g) det(x | Ax | . . . | An−1x).
Speialising to the ase n = 2 we an prove
Proposition 5.1. The ring of invariants of the simple ation Sl2

sl2 ⊕C
2
is
C[ sl2 ⊕C
2]Sl2 = C[ trA2, det(x |Ax)] = C[ detA, det(x |Ax)].
Proof. We have already seen that both elements are invariants, so we only have to
show that trA2 and det(x |Ax) generate the ring of invariants. The Poinaréseries
(f. [Muk03, PV94℄) of the simple ation is
1
(1−t2)(1−t3) . The denominator indiates
that there are two generating invariants, one of degree 2 and one of degree 3. They
are algebraially independent beause the numerator is 1.
Now denoting A = ( a11 a12a21 −a11 ) and x =
(
x1
x2
)
the invariant trA2 = 2(a211+a12a21) is of
degree 2 and det(x |Ax) = a21x
2
1− 2a11x1x2− a12x
2
2 is of degree 3. Obviously both
invariants are algebraially independent, so they generate the ring of invariants.
The last equation holds beause trA2 = −2 detA. 
Now we extrapolate the invariants of the simple ation to invariants of the doubled
one. Let Ω := {Aa1Bb1 · · ·AalBbl | ai, bi ∈ N0 for i = 1, . . . , l} be the set of all
words with haraters A and B. The invariants of onjugation by Sln on two
opies of its Lie algebra are the traes trW , W ∈ Ω, due to the rst fundamental
theorem for matries. On C
n⊕Cn the rst fundamental theorem for Sln yields the
existene of exatly one generating invariant, namely ytx. But there are also mixed
invariants: ytWx, W ∈ Ω, are invariants, as well as det(W1x | W2x | . . . | Wnx)
and det(W t1y | W
t
2y | . . . | W
t
ny), Wi ∈ Ω. These mixed expressions in x, y and A,B
are invariants, beause Sln ats on eah word in Ω via onjugation of the whole
word as the ations in the middle eliminate themselves.
Again we an show that there is a set of generators of the ring of invariants among
the invariants we have already found if n = 2:
Proposition 5.2. Generating invariants of Sl2

sl2 ⊕C
2 ⊕C2 ⊕ sl2 are
• detA, detB, trAB,
• ytx, ytAx, ytBx, ytABx,
• det(x | Ax), det(x | Bx), det(x | ABx) and
• det(y | Aty), det(y | Bty), det(y | (AB)ty).
Proof. The Poinaréseries of this representation is − t
6−t5+t4+2t3+t2−t+1
(t+1)3(t2+t+1)3(t−1)7 , whih
has the expansion 1+4t2+6t3+13t4+24t5+O(t6). The four invariants detA, detB,
trAB, ytx are independent of degree 2, whereas ytAx, ytBx, det(x|Ax), det(x|Bx),
det(y|Aty) and det(y|Bty) are six invariants of degree 3 and ytABx, det(x|ABx),
det(y|(AB)ty) have degree 4. None of these invariants an be expressed in terms of
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the others. If these are generators of the ring of invariants, we have to multiply the
numerator of the Poinaréseries by (1+ t)(1− t3)3(1− t4)3. Doing this, we obtain
1− 6t6− 8t7− 6t8+8t9+24t10+24t11+5t12− 24t13− 36t14− 24t15+5t16+24t17+
24t18+8t19− 6t20− 8t21− 6t22+ t28 whih is indeed the Hilbertpolynomial of the
indiated invariants. 
For omputing the moment map µ : sln ⊕ C
n ⊕ Cn ⊕ sln → sl
∗
n expliitly we
use a pairing omprised of the trae pairing on sln and (x, z) 7→ z
tx on Cn. Be-
ause of tr([A,B]) = 0 and tr(xyt) = 1
n
ytx we have µ(A, x, y, B)(ξ) = tr((ξA −
Aξ)B) + ytξx = tr(ξ(AB −BA+ xyt)). Using the identiation sl∗n −→ sln, (B 7→
tr(AB)) 7−→ A− tr(A)In, we an onsider µ as a map to sln. Then
µ(A, x, y, B) = [A,B] + xyt − 1
n
ytxIn.
We write V := sl2⊕C
2 ⊕C2 ⊕ sl2 and C[a11, a12, a21, b11, b12, b21, x1, x2, y1, y2] for
the ring of oordinates, so (A, x, y, B) =
((
a11 a12
a21 −a11
)
,
(
x1
x2
)
,
(
y1
y2
)
,
(
b11 b12
b21 −b11
))
∈ V .
Determining the preimage of zero under the moment map, the dening equation
0 = µ(A, x, y, B) = [A,B] + xyt − 12y
txI2 yields the momentum ideal
Iµ = (2a11b12−2a12b11+x1y2, a12b21−a21b12+
1
2(x1y1−x2y2), 2a21b11−2a11b21+x2y1).
Remark. Modulo Iµ the elements of Ω an be redued to sorted words, i.e. elements
in {AkBl | 0 ≤ k, l ≤ n−1} in the general ase. As the generating invariants in the
ase n = 2 only onsist of terms with sorted words this does not lead to dereasing
the number of invariants here.
Anyway, we need less than thirteen invariants to generate the sympleti redution.
A alulation with SINGULAR [GPS05℄ shows that ve of the original invariants
an be omitted modulo Iµ, there remain eight invariants z1, . . . , z8 with nine gen-
erating relations.
Proposition 5.3. The ring of invariants of the ation of Sl2 on µ
−1(0) is
C[µ−1(0)]Sl2 = C[z1, . . . , z8]/(h1, . . . , h9) with invariants
z1 = detA, z2 = trAB, z3 = detB, z4 = y
tx,
z5 = det(x | Ax), z6 = det(x | Bx), z7 = det(y | A
ty), z8 = det(y | B
ty)
and relations hi = 0, i = 1, . . . , 9, where
h1 = (2z2 − z4)z7 + 4z1z8, h6 = (2z2 + z4)z
2
4 − 4z6z7,
h2 = (2z2 + z4)z8 + 4z3z7, h7 = (2z2 − z4)z
2
4 − 4z5z8,
h3 = (2z2 + z4)z5 + 4z1z6, h8 = z3z
2
4 + z6z8,
h4 = (2z2 − z4)z6 + 4z3z5, h9 = z1z
2
4 + z5z7.
h5 = (2z2 + z4)(2z2 − z4)− 16z1z3,
The proposition shows that our quotient V///Sl2 = µ
−1(0)//Sl2 is the set of zeros
Z := V(h1, . . . , h9) in C
8
. Arranging the invariants as a matrix
M :=
2z2 − z4 4z3 z84z1 2z2 + z4 −z7
z5 −z6
1
4z
2
4

gives a desription of the relations as its 2× 2minors. So our quotient onsists of
all matries M as above with rank at most 1.
Further SINGULAR alulations ombined with Jaobi's riterion show:
Proposition 5.4. The quotient Z is a variety of dimension 4, whose singular lous
is Zsing := V(z8, z7, z6, z5, z4, z
2
2 − 4z1z3) ∈ C
8
.
ON THE EXISTENCE OF SYMPLECTIC RESOLUTIONS OF SYMPLECTIC REDUCTIONS15
Remark. The struture of A1singularity attrats attention at one: obviously the
singular lous is V(z22 − 4z1z3) in the subspae V(z8, z7, z6, z5, z4)
∼= C3. In par-
tiular it is again singular in the origin. Thus Z is stratied as Z ⊃ Zsing ⊃ {0}
with dimensions 4, 2, 0 respetively. This phenomenon of eah singular stratum
being ontained in the preeding one with even odimension is typial of sympleti
varieties. Indeed Z is one:
Proposition 5.5. Z is a sympleti variety.
Proof. With the help of SINGULAR we see that µ−1(0) is a normal omplete
intersetion and we ompute µ−1(0)sing//Sl2 = Zsing. The singular lous µ−1(0)sing
is given by the equations ytx = 0, Ax = 0, Bx = 0, ytA = 0, ytB = 0 and
AB − BA = 0. Let (A, x, y, B) ∈ µ−1(0) \ µ−1(0)sing . If x = 0 and y = 0, then
AB − BA = 0 beause of the dening equation AB − BA + xyt − 12y
txI2 = 0 of
µ−1(0), and therefore (A, x, y, B) ∈ µ−1(0)sing . So w.l.o.g. we an assume x 6= 0.
Complete x to a basis (x, x′) of C2. If g ∈ Sl2 stabilises x, it must have the shape
g = ( 1 s0 t ) with respet to the basis (x, x
′). But det g = 1 implies t = 1. Then for
every integer n we have gn =
(
1 sn
0 1
)
. So g has innite order unless s = 0. But the
isotropy group of (A, x, y, B) is nite, beause µ−1(0) is a omplete intersetion,
so the isotropy group must even be trivial. By proposition 2.4 it only remains
to onstrut a resolution π : Z˜ → Z suh that the sympleti form on π−1(Zreg)
extends to Z˜. This will be done next. 
Now we desribe a resolution of Z via blowing up the singular lous one. At rst
the following observation simplies the proess of blowing up enormously: Let us
one and for all identify C
3 = V(z4, z5, z6, z7, z8) ⊂ C
8
. The fat Z ∩C3 = Zsing
implies that the blow up of Z in Zsing is the strit transform of the blow up
π : Bl
C
3(C8)→ C8. Now by an easy omputation the blow up of Z in Zsing is
Z˜ := BlZsing (Z) = {((z1, . . . , z8), [x4 : x5 : x6 : x7 : x8]) ∈ C
8 ×P4 |
zixj = zjxi, i, j = 4, . . . , 8, ℓ1 = . . . = ℓ9 = 0}.
Here the ℓi are dened by rk M˜ ≤ 1 and M˜ is obtained by substituting zi by the
orresponding xi in the last row and olumn of M .
Proposition 5.6. The blow up π : Z˜ → Z is a resolution of singularities.
Proof. Let us exemplarily deal with the hart x4 = 1. The strit transform is the
set of zeros of the polynomials
(2z2 − z4)x7 + 4z1x8, (2z2 + z4)− 4x6x7,
(2z2 + z4)x8 + 4z3x7, (2z2 − z4)− 4x5x8,
(2z2 + z4)x5 + 4z1x6, z3 + x6x8,
(2z2 − z4)x6 + 4z3x5, z1 + x5x7.
(2z2 + z4)(2z2 − z4)− 16z1z3,
The four equations on the right give z1 = −x5x7, z2 = x6x7 + x5x8, z3 = −x6x8,
z4 = 2(x6x7 − x5x8). Inserting this into the ve remaining equations yields
(4x5x8)x7 + 4(−x5x7)x8 = 0, (4x6x7)x5 + 4(−x5x7)x6 = 0,
(4x6x7)x8 + 4(−x6x8)x7 = 0, (4x5x8)x6 + 4(−x6x8)x5 = 0,
(4x6x7)(4x5x8)− 16(−x5x7)(−x6x8) = 0.
Thus the strit transform is smooth, and the same holds for Z˜ beause one an
treat the other harts x5 = 1, x6 = 1, x7 = 1 and x8 = 1 in a similar way. 
Our next interest onerns the bres of the resolution, beause they indiate if π is
semismall. This is a property needed to prove sympletiity.
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Proposition 5.7. The bre π−1(z) of the resolution π : Z˜ → Z is
• a point if z ∈ Z \ Zsing,
• isomorphi to P1 if z ∈ Zsing \ {0},
• the union of two projetive planes E1∪E2 interseting in one point if z = 0.
Proof. Let z = (z1, . . . , z8) ∈ Z. If z 6∈ Zsing = Z ∩ C
3
then zj 6= 0 for one
j ∈ {4, . . . , 8}. So we have xi =
zi
zj
xj in the preimage, whih is therefore xed to
be π−1(z) = {((z1, . . . , z8), [z4 : z5 : z6 : z7 : z8])}.
Let now z ∈ Zsing . Then we have z4 = z5 = z6 = z7 = z8 = 0 and z
2
2 = z1z3.
The relations ℓi = 0, i = 1, . . . , 9, redue to ℓ1 = z2x7+2z1x8, ℓ2 = z2x8+2z3x7,
ℓ3 = z2x5+2z1x6, ℓ4 = z2x6+2z3x5, ℓ5 = 0, ℓ6 = z2x
2
4−2x6x7, ℓ7 = z2x
2
4−2x5x8,
ℓ8 = z3x
2
4+x6x8, ℓ9 = z1x
2
4+x5x7.
To begin, we onsider the ase z2 6= 0. If x4 6= 0, the equations ℓ6 = . . . = ℓ9 = 0
yield z2 = 2x6x7 = 2x5x8, z3 = −x6x8, z1 = −x5x7. Inserting this, ℓ1, . . . , ℓ4 are
automatially fullled. The assumption z2 6= 0 implies xi 6= 0 for i = 5, 6, 7, 8.
Setting x8 =: t =:
a
b
∈ C∗, we obtain x5 = z22t , x6 =
−z3
t
, x7 =
−z1
x5
= −2z1
z2
t, so
[x4 : x5 : x6 : x7 : x8] = [t :
z2
2 : −z3 :
−2z1
z2
t2 : t2] = [ab : z22 b
2 : −z3b
2 : −2z1
z2
a2 : a2].
If x4 = 0, then ℓ6, . . . , ℓ9 mean x5 = 0 = x6 or x7 = 0 = x8. In the rst ase ℓ1
yields x7 = −
2z1
z2
x8. Setting t = x8 we obtain [0 : 0 : 0 :
−2z1
z2
t : t], whih is exatly
the above element in the ase b = 0. Alike, in the seond ase ℓ3 yields x5 = −
2z1
z6
x6.
Setting x6 = −z3s leads to x5 =
2z1z3
z6
s = z22 s, whih is again ompatible with the
above element for s = b
a
. Altogether the bre is parametrised by P
1
:
π−1(z) = {((z1, . . . , z8), [ab : z22 b
2 : −z3b
2 : −2z1
z2
a2 : a2]) | (a, b) ∈ C2 \ {(0, 0)}}.
In the ase z2 = 0 the ondition z
2
2 = 4z1z3 yields z1 = 0 or z3 = 0. If z1 6= 0
and x4 = 1 then z1 = −x5x7 implies x5 6= 0 and x7 6= 0. Thus the onditions
on z1 and z2 beome x6 = x8 = 0 and x7 = −
z1
x5
, so with t = x5 we obtain
[1 : t : 0 : − z1
t
: 0] = [ab : a2 : 0 : −z1b
2 : 0]. If x4 = 0 then ℓ1 yields x8 = 0, ℓ3
aords x6 = 0 and ℓ9 implies x5 = 0 or x7 = 0. On the whole the bre
π−1(z) = {((z1, . . . , z8), [ab : a2 : 0 : −z1b2 : 0]) | (a, b) ∈ C2 \ {(0, 0)}},
is as well isomorphi to P
1
. Analogously in the ase z3 6= 0 we obtain the bre
π−1(z) = {((z1, . . . , z8), [ab : 0 : −z3b2 : 0 : a2]) | (a, b) ∈ C2 \ {(0, 0)}},
again parametrised by P
1
. This proves the seond part of the assertion.
Finally we deal with the ase z = 0. Here the equations ℓ1, . . . , ℓ5 do not provide
any information, whereas ℓ6, . . . , ℓ9 yield x6x7 = 0, x5x8 = 0, x6x8 = 0, x5x7 = 0,
equivalently as equation of ideals (x5, x6)(x7, x8) = 0. Eah of the two ideals denes
a projetive plane E1 := {[x4 : 0 : 0 : x7 : x8]} resp. E2 := {[x4 : x5 : x6 : 0 : 0]},
whose union onstitutes the zero bre π−1(0). They interset in the single point
[1 : 0 : 0 : 0 : 0]. 
Proposition 5.8. The resolution π : Z˜ → Z is semismall.
Proof. Aording to the omputations of the bres we have
• x ∈ Z \ Zsing : dimπ
−1(x) = 0 = 12 codimZ,
• x ∈ Zsing \ {0} : dimπ
−1(x) = 1 = 12 codimZsing,
• x = 0 : dim π−1(0) = 2 = 12 codim{0},
so for eah stratum Z ⊃ Zsing ⊃ {0} the dening inequality for semismallness is
satised. 
Proposition 5.9. The resolution π : Z˜ → Z is sympleti.
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Proof. It is well-known that any sympleti form extends to the blow up of an
A1singularity, so the sympleti form of Z extends to the preimage of Zsing \ {0}.
Thus it is not dened at most over the stratum {0} of odimension 4. But as
the resolution is semismall proposition 2.1 an be applied, whih says that the
sympleti form extends sympletially everywhere. 
As projetive planes the two omponents E1 and E2 of the zero bre onstitute a
onguration admitting a Mukai op in the four dimensional variety Z˜.
Reminder. Let (X, σ) be a sympleti manifold of dimension 2n > 2, P ⊂ X a
losed submanifold isomorphi to P
n
. Let further f : Z → X be the blow up of X
in P and let D ⊂ Z denote the exeptional divisor. Then D → P is isomorphi
to the inidene variety {(l, H) ⊂ Pn × (Pn)∗ | l ∈ H}. There exists a blow down
g : Z → X ′ suh that D is the exeptional divisor and the restrition of g to D is
the projetion D → (Pn)∗. The variety elmP (X) := X ′ is also sympleti. It is
alled Mukai's elementary transform or Mukai op of X . If X is projetive, X ′
need not neessarily be projetive.
Loally we are exatly in the situation of Fu's and Namikawa's example 5 in [FN04℄,
so eeting a Mukai op at E1 or E2 gives a further sympleti resolution of Z.
Writing X := elmE2(Z˜) we obtain the following onguration, where the rst di-
agram visualises the blow ups and the seond one desribes the restritions to the
zero bre of π:
BlE2 Z˜
f
}}zz
zz
zz
zz
z
g
""D
DD
DD
DD
DD
Z˜
pi

X
Z
E˜1 ∪ F
f
zzttt
tt
tt
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t
g
$$J
JJ
JJ
JJ
JJ
E1 ∪ E2
pi

E˜1 ∪ E
∗
2
0
Here F is the inidene variety {(l, H) ∈ E2×E
∗
2 | l ∈ H}. As E1 and E2 interset
in one point, E1 does not remain untouhed under the blow up. We denote the
strit transform of E1 by E˜1. The point of intersetion E1 ∩ E2 beomes a line of
intersetion E˜1 ∩ F , likewise E˜1 and E
∗
2 interset in a line.
Our idea for onstrutingX → Z expliitly and for showing that X is even algebrai
is to onsider a partial resolution of Z. Instead of resolving Zsing we blow up C
8
in V(z4, z7, z8) ∼= C
5
and take the strit transform. This orresponds to the blow
up of Z in S = V(z4, z7, z8, z
2
2 − 4z1z3), whih we denote by Y :
Y = {((z1, . . . , z8), [y4 : y7 : y8]) ∈ C
8 ×P2 |
ziyj = zjyi, i, j = 4, 7, 8, k1 = . . . = k9 = 0}
where the ki are dened by rkM2 ≤ 1, M2 =
(
2z2−z4 4z3 y8
4z1 2z2+z4 −y7
z5 −z6 14 z4y4
)
.
Analysing the bres of π2 : Y → Z we show that Y resolves the A1singularities.
Thus only an isolated singularity in the origin remains.
Proposition 5.10. The bre π−12 (z) is
• one point if z ∈ Z \C3,
• isomorphi to P1 if z ∈ C3 \ {0},
• E1 if z = 0.
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Proof. At rst let z ∈ Z \ C5. Then z4 6= 0, z7 6= 0 or z8 6= 0, so the onditions
ziyj = zjyi determine y = [y4 : y7 : y8] uniquely. Furthermore (z, y) satises
k1, . . . , k9 so that the preimage is not empty.
Let now z ∈ C5 \ C3. Then z4 = z7 = z8 = 0, but z5 6= 0 or z6 6= 0. Thus
k6, k7, k8 and k9 simplify to z6y7 = 0, z5y8 = 0, z6y8 = 0, z5y7 = 0, so we have
y7 = 0 = y8. This makes k1, k2 being satised automatially, whereas k3, k4, k5
hold beause z ∈ Z. So the preimage π−12 (z) = {(z, [1 : 0 : 0])} is exatly one point.
In the ase z ∈ C3 \ {0} we have z4 = . . . = z8 = 0, therefore the equations
are z2y7 + 2z1y8 = 0, z2y7 + 2z3y7 = 0 and z
2
2 − 4z1z3 = 0. If z2 6= 0 we have
y7 =
−2z1
z2
y8 or equivalently y8 =
−2z3
z2
y7. Thus eah y in the preimage is of the
type y = [z2b : −2z1a : z2a] = [z2b : z2a : −2z3a]. If z2 = 0 it follows z1 = 0,
z3 6= 0 or onversely. In the rst ase we onlude y7 = 0, y8 arbitrary, in the
seond ase y8 = 0, y7 arbitrary, both ases being of the type omputed above. As
(a, b) ∈ C \ {(0, 0)} an be hosen arbitrarily, the preimage is P1.
Finally, the ase z = 0 does not put any ondition on the homogeneous oordinate
y, so π−12 (0) = {(0, [y4 : y7 : y8])} is isomorphi to the projetive plane E1. 
Now we want to resolve the remaining singularity. As the remaining singularity is
of odimension 4, a further blow up would attah a P3 and the dimension of the
zero bre would be 3 > 2 = 12 codim{0}, suh that the map would not be semismall
and neither sympleti.
Loally in the hart y4 = 1 the variables z7 = z4y7 and z8 = z4y8 an be omitted
and z7y8 = z4y7y8 = y7z8 is automati. So M2 yields the loal desription{
(z1, z2, z3, z4, z5, z6, y7, y8)
∣∣∣∣ rk(−2z2+z4 4z3 −8y8−4z1 2z2+z4 8y7−z5 −z6 −2z4
)
≤ 1
}
.
A linear oordinate transformation is enough to transform this into the variety
{A ∈ sl3 | rkA ≤ 1} whih has two well-known sympleti resolutions
σ1 : Y˜
′ := {(A,L) ∈ Y ×P2 | imA ⊂ L} → Y,
σ2 : Y˜ := {(A,H) ∈ Y × (P
2)∗ | H ⊂ kerA} → Y.
The ompositions π2 ◦ σ1 and τ2 = π2 ◦ σ2 are sympleti resolutions of Z.
Now we an examine our original question, namely if X oinides with one of these
resolutions and Z˜ with the other one. To obtain a positive anwer we need the
existene of a map Z˜ → Y :
Z˜
pi
%%KK
KK
KK
KK
KK
K
// BlS(Z) = Y
pi2

Z ⊃ S
By a SINGULAR alulation codim(π−1IS)OeZ = 1, so S denes a Weil divisor and
even a Cartier divisor in Z˜, beause in our ase Weil and Cartier divisors oinide.
Thus by the universal property of blowing up there exists a unique map f : Z˜ → Y
with π2 ◦ f = π, so Z˜ must oinide with the rst resolution Y˜
′
by the fat that
Y admits only two sympleti resolutions. The other resolution of Y is a Mukai
op of the rst one, so we obtain X = Y˜ . Blowing up Z in V(z4, z5, z6) yields a
variety Y1 isomorphi to Y2 := Y with a morphism π1 : Y1 → Z, and two sympleti
resolutions Y˜ ′1 ∼= Z˜, τ1 : Y˜1 7→ Z, where Y˜1 is the Mukai op obtained by opping
E1. Altogether we have found three projetive sympleti resolutions Y˜1, Y˜2 and
Z˜: By onstrution, Y˜1 and Y˜2 are isomorphi as varieties but non-isomorphi as
resolutions of Z. However, they are equivalent in the sense of [FN04℄: Let ϕ be the
automorphism of Z whih sends z1, z2, z3, z4 to themselves and whih interhanges
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z5 with z7 and z6 with z8, respetively. Then π
−1
2 ◦ ϕ ◦ π1 is an isomorphism of Y1
and Y2. This indues an isomorphism τ
−1
2 ◦ϕ ◦ τ1 of the resolutions Y˜1 and Y˜2. On
the ontrary, due to lo. it. Z˜ is not equivalent to them.
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